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ABSTRACT

There are many generalization of metric space. Rataic metric space is the generalization of mespace too. Which
was introduced and studied by Hussian (a new apgrda metric space) in 2014. In present paper wavertwo fixed
point theorems based on injective mapping usingdraotion conditions. Moreover, we provide an exaentl furnish our

result and also the usability of our result.
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INTRODUCTION

General Introduction

A metric on a nonempty set X is a mappihgd x X — [0. 0] satisfying the following properties:
e d(x,y)=0Ifandifx =y

* d(x,y)=d(y, x)
o d(x,y)<d(y, z) +d(z, y) ; then the pair (X, d) is said to be a metriccgsa

The theory of metric spaces is the general thedrghvcovers several branches of mathematical aisalys real
analysis, complex analysis, multidimensional calsuletc. Due to which, existence and uniqueneded points and
common fixed points has become a subject of greatarn. In the recent six decades many authorsrgieeal the
Banach contraction Principle by moderating thentgidar inequality of a metric space as generalixedric space[see
2,5,7 8,14,22 and references therein], cone mspéce[see 9 references therein], b metric spac@[8e4,6 references
therein ], cone b metric space[see9,10,11,14-2entes therein ], rectangular metric space [seeféfences therein ],
cone rectangular metric space [see 12,17,18 rafesaiherein], are some of the generalizations dfiengpace introduced
by different authors in past few decades. AnaloBa@ach contraction principle, Kannan contractiomqple, Ciric
contraction principle and lots of the existing fixgoint theorems for various generalized contrastiwere proved in these
generalized spaces.

Most of the generalization of metric space are ldatf§ topology but we can also find generalizatafnmetric
space which are not necessarily Hausdorff topolsee, ref. [13, 19, 22,]). Tarskian mathematiciaadunon Hausdorff

topology for programming language semantics usesbimputer science.
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The purpose of this paper is to prove some fixeiitpheorems for contraction mapping in parametnietric

spaces an example is also given to distinguishresults.
PRELIMINARIES
Proceeding to our main result, let we furnish sal@fnition , proposition, properties & lemmas negdesequel.
1. Let X be a non empty set and Tp: X x X x{0),— (0, ) be a map on X such thdtx, y, z € X andt >0
e Tpx,y, t)y=0ifand only ifx =y
© Tplx,y, t)=Tp, x, t)
* Tplx,y, t)<Tpl, z t) + TpE, v, t)
Then Tp is called parametric metric and p&irq) is called parametric metric space.
» Iflogn—ow(xn, x, t) = 0= logn—w xn = x , for allt > 0 then sequencecfi} n=1 conversex € X
e Iflogn—ow(xn, xm, t) = 0 for allt > 0 then sequencecf }n=1x is called Cauchy sequence.

» If every Cauchy sequence is convergent, then parammeetric spaceX, d) is a complete parametric metric

space.

« Let (X, d) be a parametric metric space &nd — X be a mapping, then We say T is a continuous mapgtip

in X, if for any sequencexn} n=1« € X such that log—ow xn = x =logn—w Txn =Tx .
Main Result

The objective of this paper is to prove some newdipoint theorems in parametric metric space. pafer is divided in

two sections. In Section | and Il we prove theoremgarametric metric spaces
SECTION |

Theorem 2

Let (X, d) be a complete parametric metric space®mdX — X be an injective mapping satisfying the condition

(2.1) d(Tpx, Ty, t) < a.d(x,y,t) + b. d(:x,Tpx, t) +c. d(x. Ty, t) +
(d(xJTpx.t) .d(y.pr.tj)) o (d(x,Tpx,t).d(x,pr.tj])

d{x,y}+ d(x,]"px.t) dixy}H+ d(xJTpx, f)

vte[0,1);a, b,c,d,e>0;x,y € X & x#y have a fixed pointift + b + 2c +d2+ e < 1 and moreover a unique

fixed pointifa +c < 1.
Proof

Letx0 € X , Define iterative sequencef} n=1wx follows: Tpxn = xn+1 forn =1, 2, 3, .... If for some f;pxn = xn, then

xn is the fixed point. Otherwiggxn # xn, using inequality (2.1)
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d(Xpy1, Xnt2, ) = d(:Tpxanpxn+lr t) _
< a. d(x.n,an. t)+ b..d(xn.Tpxn. t) + c.d(_xn,Tpxnﬂ,r)
L d d(_xn, Tyxy, t). d(_an. ToXpi1s t) (d(xn. Tpxp, t). d(xn. TpXni1 t)
. d(xn:xn+lr t) +d(:xn: Tpxn,f) h d(:xn:xn+lvr:) +d(xn:xn+1-r:)

d(Xp+1, Xn+z2,t) _ _ _
= a. d(.xn: Xn+1s f_) + b. d(_x‘m Xn+1, t) +c. d(xnr Xn+2 t)

d d(xn- Xn+1s t)- d(xn+1: Xnt+2, I—) d(:xm Xn+1, t)- d(xnr Xn+2, t)
. d(xn- Xn+1s t) + d(xn: Xn+1s t) . d(xm Xn+1, f') + d(xn-xn+1r t)

d(Xn+1 Xnt2,t)
< @.d(Xp, Xpi1, ) + b.d(xn, Xpyq, £) + €. [d (X, Xppq, ) + d(Xpy1, Xni2, )]
d (d(xw xn+l: t)' d(xn+l: xn+2' t)) d(xnr xn+1: f) d{:xn: xn+2' t))
. z-d(xn- Ln+1, t) z-d(xn-xn+l: t)

d(Xp+1, xn+2rf)l _ _ _ .
S a.d(xp, Xpyq,t) +b.d(xy, X540, 1) + 0 [d (X, X0, 1) + d (X4, X4, )]

d d(xn- Xn+1, t)- d(xn+1: Xn+2 t) d(xn; Xnt1, f) d(:xny Xn+2, t)
. z-d(xn- Xn+1, t) z-d(xn-xn+1r t)

d(Xp41, Xns2,t) _ _ _ _
< a.d(Xp, Xpi1, t) + b.d(Xp, Xp 41, t) +c. [d(xp, Xpy1, t) + d(Xps1, Xn42,t)]
d(Xp+1, Xn42,T) d(Xp, Xpt1, 1) + d(Xpt1, Xpa2, )
+d. > + e. >

d e _ ey .
(1 —C 37 E) d(Xp41, Xni2 ) < (ﬂ +b+c+ E) d(Xp, Xp4q, t)

(a+b+c+25)

d (Xps1 Xy 1) < R d(Xy, Xpy1, )
(1-c-3-3)

d (X110 Xpaznt) < k.d(X,, Xppp, OV t € [0,1) and k = <1 =a+b+2c+5+

d e
(1-e=3=)
e < 1.Therefore by successive iteration/ we hé@en+1, xn+2, t) < k» d(x0, x1, t)

As we know if fxn} n—o be a sequence in parametric spacd] such thati(xn+1, xn+2,t) < k d(xn, xn+1, t)
vtel[0,1l) &n =123, ... thengn }n—w is a Cauchy sequence i, (d). Since &, d) is a complete parametric space;

{xn} n—oo converses. Letx € X , thenlimn—oo xn — x*. AgainTp is continuous, therefore

*

* __ . N - — * * __
Tpx* = Tp(limpy oo Xp) = liMy0 Tpx,, = x* 2 Tpx* = x

ImpliesTp has a fixed poinfpx* = x* in X.

Now we will show thatex is unique. For that, suppoge is another fixed point therefdfgy* = y*. Therefore by

inequality (2.1) we have
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d(Tpx*' Iyy", t)
< a.d(x*,y*,t)+ b. d(x*, T, X", t) +c. d(x*,pr*, t)
d d(.x*Tpx*;f)-d(}’*,Tp}’*.f) d(x*,T x*,t).d(x*,pr*_t)
AT : +e|— _
d(x*,y*rf) +d(.x*rTPX*,f) e d(.xi:,y*.t) _’_d(.x*"}"px*'t)
LYt < . x* d(x"x",t).d(y",y", t)
d(x*,y*t) < a.d(x*,y5t) + b.d(x*, x*, t) + c.d(x*,y*,t) + d'(d(x*,y*,t) o
d(x*,x",t).d(x", y*, 1)
e. d(x*,y*, t) + d(x*,x*,t)
d(x*,y*,t) < a.d(x*,y*t) + c.d(x",y"t)
=(l-a—-c)d(x",y",t) <0
= d(x",y",t) = 0Since a + c < 1= x" = y*. Hence T, has a unique point.
SECTION Il
Theorems

Let (X, Tp) be a complete parametric metric space@mdX — X be an injective mapping satisfying condition

- _ d(x,Tpxt)d(y,Tpy.t) d(xTpyt)d(y.Tpxt) dxTpxt)d(xTpyt), ,
(T,x, T,y,t) < @ Max{d(x,y,1), Ty , o) ey JGD

vte[01); a=>0;x,y EX&x+#y anda € [0,1] .then T, has a unique fixed point.

Proof
Letx0 € X be an arbitrary point, Define iterative sequence}fi=1x follows: Tpxn = xn+1forn =1, 2, 3, .... If for some

n, Tpxn = xn, thenxn is the fixed point. OtherwisBpxn # xn, using inequality (3.1)

d(xn+1: Xn+2 t) =d (:Tpxn; Tpxn+1; t)
d(x,, T, x,,t)d (%1, ToXpeq t) A, ToXper, t)d(x,0q, ToX, t
< a Max{d(x,,x,4+,,t), ( p ) ( +1r "pTntl )’ ( pTntl ) ( +101p )
d(_xnr Xn+1r t) d(_xw Xn+1r t}

r

d(xn, Tyxy, r)d(xn, TpXpt1, t)}

Zd (xn: xn+ 1 t)
d(x,, %1, A (X041, Xpao, t) d(x,, Xpso, t)d(Xpsq, Xpiq, t
E:(IMﬂx{d(x?t.x?t+l,f), ( nr-tnt+l ) ( n+lilr-*n+2 )' ( nrnt } Sntlrtntl );
d(xnr xn+1J t) d(xn- xn+lr t)
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d(xn- Xn+1, r)d (an Xn+2, t)
Zd(xnr Xn+1 f)

d(xw n+1rr)d( n+1is n+2!t) d(xn xn+1! t){d(xw n+1 r) + d(xn+1'xn+2:t)}
< ;
= Mﬂx{d(xﬂ'xﬂ-i'lr r) d(xn-xn+lr f') ,OJ d(xmxn+l-t) }

< a Max{(d(xy, Xp+1,t),d(Xpt1, Xnt2,£),0,d (X, Xppy, ) + d(Xpsq, Xni2, £)}

::'d( Xnt1, X n+2:r) {Td(xn:xn+1:r)

Therefore by successive iteration
d(Xp+1, Xns2,t) < @™ d (X, X4, 1)
d(Xps1, Xns2,t) = @™ d(xg, x4, 1)
As we know if {xn} n—o be a sequence in parametric spAEcd] such thati(xn+1, xn+2, t) <an d(x0, x1,t)

vte[0,1) &n =1,23, ... Thengn}n—w is a Cauchy sequence (d). Since &, d) is a complete parametric
space; gn}n—oo converses. Letx € X , thedimn—oo xn — x*. AgainTp is continuous, therefore

Tx* = Ty (limy, o X)) = limy, o, Tyx,, = x* = T,x* = x*
ImpliesTp has a fixed poinfpx* = x* in X.

Now we will show thate* is unique. for that suppoge is another fixed point therefoffgpy* = y*. Therefore by
inequality (5.1) we have

d(T,x*, T,y" t)
| . d(x*.Tpx*, t)d(y*.pr*,f) d(:x*:pr*: t)d(y*,Tpx*.f) d(x*.Tpx*, t)d(:x*-pr*rt)
= Mﬂx{d(x »yV I-)- d(x*,y*; I—) ! d(x*,y*, f') ' Zd(x*-}’*-t)

d(Tpx*, T,y", t)

: e e QG X Oy Yt ) d(x Yt 0d(yta ) d(x,xt, Dd (YT

< aMax{d(x",y",t), A ) I ' s
d(x*ry*,t_) d(x*',y*',t) Zd()C"',y"',t)

d(iTpx*, pr*,t) < a Max{d(x*,y*,t),0,d(x*,y* t),0}
d(x*,y*t) < ad(x*,y*,t)
= (l—a)d(x*y5t) <0
= d(x",y",t) = 0since @ > 1 = x* = y*. Hence T}, has a unique point.
Example: Let (X, d) be a complete parametric metric space, wiigreR+ — R+ is a mapping defined aXx, y,

=14+-andy, =1 . therefore
£) = the - ylq such tha™ o andy, =147
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d(Xp, Vi t) = tlx, — y,|7 =11 +E_ 1 T

: 1 1
10g,, 00 A(X,, Vi, t) =108, oot i t 108,00 i 0fort=0
= 108, 00 A(Xp, Y, t) = 0
as bothx, =1 —F:—L and y, =1 +§ tends to 1 as n — oo, Hence 1 is the fixed point.

Hence it satisfies all the conditions of compledegmetric metric space for> 0 and of theorems [2,3].
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